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Quantum Collapse of a Charged n-dimensional BTZ-like Domain Wall
Eric Greenwood
Department of Geology and Physics, University of Southern Indiana, Evansville, IN 47712
We investigate both the classical and quantum gravitational collapse of a charged, non-rotating
n-dimensional BTZ black hole in AdS space. This is done by first deriving the conserved mass of a
“spherically” symmetric domain wall, which is then taken as the classical Hamiltonian of the domain
wall.
In the classical picture, we show that, as far as the asymptotic observer is concerned, the details
of the collapse depend on the amount of charge present in the domain wall. In the both the extremal
and non-extremal cases, the collapse takes an infinite amount of observer time to complete. However,
in the over-charged case, the collapse never actually occurs, instead one finds an oscillatory solution
which prevents the formation of a naked singularity. As far as the infalling observer is concerned,
the collapse is completed within a finite amount of proper time. Thus, the gravitational collapse
follows that of the typical formation of a black hole via gravitational collapse.
Quantum mechanically, in the absence of induced quasi-particle production and fluctuations of
the metric geometry, we take primary interest in the behavior of the collapse near the horizon and
near the classical singularity from the point of view of both asymptotic and infalling observers. For
the asymptotic observer, we find that quantum effects near the horizon do not change the classical
conclusions. For the infalling observer, the most interesting quantum mechanical effect are when
the collapsing shell approaches the classical singularity. Here, we find, that the quantum effects in
this region display non-local effects, which depend on the energy density of the domain wall.
I. INTRODUCTION
One of the most studied scenarios in theoretical physics is that of gravitational collapse via the collapse of a shell
of matter, since the scenario has a vast number of theoretical applications. For example, the process of gravitational
collapse has been used in many different subfields of theoretical physics, whether it be to study the classical formation
of a massive black hole [1–4], quantum formation of a massive black hole [5], induced quasi-particle production during
the collapse [6], formation of Hawking radiation [7], or thermalization processes [8–10] within the context of the
AdS/CFT correspondence and the Functional Schro¨dinger formalism. However, not only is the gravitational collapse
a matter shell important, but the presence of additional quantum numbers, such as charge and angular momentum,
can play a great role in the collapse as well [11–13], as well as lead to additional interesting effects during the collapse.
Moreover, due to the applications within the AdS/CFT correspondence, gravitational collapse in AdS has become
of greater importance. Recently, the gravitational collapse of an n-dimensional BTZ matter shell was studied in [14],
however the study of the collapse in the presence of additional quantum numbers is still required. For example,
according to the AdS/CFT dictionary, the presence of charge on the collapse shell; that is, within the bulk geometry,
corresponds to the presence of a chemical potential and charge density on the boundary and hence in the field theory
[15, 16]. Therefore, it is worth investigating the gravitational collapse of an n-dimensional, charged, BTZ matter shell
to gain further insight into the collapse process. In this paper, we thus investigate both the classical and quantum
collapse of the above scenario.
II. SETUP
To determine the equations of motion for the n-dimensional collapse, we will consider the collapse of an infinitely
thin domain wall, which represents a shell of charged matter. Moreover, we consider “spherical” domain walls, so
that the wall is completely described by the radial degree of freedom, R(t). Using the Gauss-Codazzi equations, the
conserved mass may be determined by considering the an (n−1)-dimensional metric that is intrinsic to a hypersurface
S, which contains a jump discontinuity, see [17] for details. However, it was show in [14] that for a general ‘spherically”
symmetric collapse, the conserved mass may be easily determined by solving the expression
α− β = 8πσR
n− 2 , (1)
where σ is the energy density of the domain wall, α and β are defined from the metric coefficients:
α ≡ ft−,τ =
√
f +R2τ (2)
β ≡ Ft+,τ =
√
F +R2τ (3)
2and the exterior (+) and interior (−) metrics are given by,
(ds2)+ = −F (r)dt2+ +
1
F (r)
dr2 + r2dΩn−2
(ds2)− = −f(r)dt2− +
1
f(r)
dr2 + r2dΩn−2
In (2) and (3), τ is the proper time of an observer moving with n-velocity ua at the wall, hence t±,τ is the propertime
derivative of the coordinate time of the exterior and interior metrics.
What is interesting about this result is that (1) only depends on the surface density of the collapsing shell, not
on the tension. That is, the solution for the collapsing shell is the same for any equation of state, up to the spatial
dependence of the surface density. That is, even though we are considering the collapse of a domain wall, the solution
is generic for different types of matter.
In the present paper, we are interested in the collapse of a massive, charged, n-dimensional BTZ domain wall. From
[18, 19], we take that the exterior metric coefficient F is given as
F =
R2
ℓ2
− M
Rn−3
− 2
(n−1)/2
Rn−3
Qn−1 ln
R
ℓ
. (4)
and the interior metric coefficient f is given as
f =
R2
ℓ2
. (5)
From the metric coefficients, using (1), we can solve for the mass, which is then given by
M =
16πσRn−2
n− 2
(
α− 4πσR
n− 2
)
− 2(n−1)/2Qn−1 ln R
ℓ
=
16πσRn−2
√
f
n− 2
(√
1 +
R2τ
f
− 4πσR
(n− 2)√f
)
− 2(n−1)/2Qn−1 ln R
ℓ
(6)
where in the last line we have rewritten the mass for later convenience. As mentioned previously, the Gauss-Codazzi
equations lead to a conserved mass a conserved mass. In Appendix A, we show that (6) is indeed a constant of motion.
Since the mass in (6) is conserved, the mass then represents the total energy of the collapsing shell and may be
treated as the Hamiltonian of the system. This conclusion makes sense from the structure of the conserved mass. To
see this, notice that for a static domain wall, Rτ = 0, the first term in the brackets is just the total rest mass, the
second term is the binding energy, and the last term is the electromagnetic contribution. Hence, for the non-static
domain wall, Rτ 6= 0, the first term in the brackets now accounts for the relativistic kinetic energy. Therefore, we will
determine the equations of motion for the collapsing shell using the conserved mass in (6) as the Hamiltonian system.
As is well known, since the Hamiltonian is not invariant under coordinate system transformations, we will work
with the Lagrangian for the system. The Lagrangian is given by,
L(τ) = −16πσR
n−2
n− 2
(
α− 4πσR
n− 2 −Rτ sinh
−1
√
R2τ
f
)
+ 2(n−1)/2Qn−1 ln
R
ℓ
= −16πσR
n−2
n− 2
(√
f +R2τ −
4πσR
n− 2 −Rτ sinh
−1
√
R2τ
f
)
+ 2(n−1)/2Qn−1 ln
R
ℓ
. (7)
For later convenience, we note that the generalized momentum associated with (7) is given by
P (τ) =
16πσRn−2
n− 2 sinh
−1
√
R2τ
f
. (8)
Let’s now the classical and quantum equations of motion for the asymptotic observer.
3III. ASYMPTOTIC OBSERVER
Before we can obtain the equations of motion for the asymptotic observer, we must first transform the Lagrangian
in (7) to the coordinate time t+, which may be done by considering the effective action
S(τ) =
∫
dτLm(τ).
Using (3), in the t+ coordinate, the Lagrangian (7) takes the form
L(t) = −16πσR
n−2
n− 2


√
fF 2
β2
+ R˙2 − 4πσRF
β(n− 2) − R˙ sinh
−1

 β
F
√
R˙2
f



+ 2(n−1)/2Qn−1F
β
ln
R
ℓ
(9)
where R˙ = dR/dt and β is given in (3). The Hamiltonian and generalized momentum in the asymptotic observer
time coordinate may then be obtained from (9) in the usual manner.
For the purposes of the present paper, we are, however, only interested in the near horizon regime of the collapse;
that is, the last moments of the collapse before the formation of the black hole. Thus, we are only interested in the
R ∼ R+ regime of the collapse, where R+ is the horizon radius. In terms of the metric coefficient, this corresponds
to when the exterior metric coefficient F ∼ 0. Notice that in this regime, the interior metric coefficient f is simply a
constant, since f = R2+/ℓ
2. In this limit, the generalized momentum takes the form
P (t) ≈ 16πµR
n−2R˙
(n− 2)
√
F
√
F 2 − R˙2
, (10)
where
µ ≡ σ
(√
f − 4πσRH
n− 2 −
(n− 2)2(n+1)/2Qn+1
16πσRn−2H
ln
RH
ℓ
)
is the modified energy density of the domain wall and f is evaluated at R = R+. In this limit, we may also obtain
the Hamiltonian
H(t) ≈ 16πµR
n−2F 3/2
(n− 2)
√
F 2 − R˙2
. (11)
To determine the quantum equation of motion, it is convenient to invert (10) so that we may rewrite (11) in terms of
the generalized momentum:
H =
√
(FP )2 +
(
16πµR
n− 2
)2
. (12)
We can see that (12) has the form of the Hamiltonian of a relativistic particle with a position dependent mass term.
We are now in a position to determine the classical and quantum equations of motion for the collapse. Let us
determine the classical equations of motion for the collapse first.
A. Classical Equations of Motion
As the Hamiltonian is a conserved quantity, i.e. a constant, we can determine the velocity of the domain wall. From
(11) we have
R˙ = ±F
√
1− FR
2(n−2)
h2
, (13)
where h ≡ H(n− 2)/16πµ, or in the near horizon limit becomes
R˙ ≈ ±F
(
1− 1
2
FR2(n−2)
h2
)
≈ ±F.
Hence, we can see that the dynamics of the collapse, in the late-time limit, are solely governed by the exterior metric
coefficient, R˙ ≈ −F , where the negative sign is chosen due to the fact that we are interested in collapse of the domain
wall.
Since the domain wall is charged, there are three interesting cases to look at: The non-extremal case, the extremal
case and the overcharged (or naked singularity) case. Let’s consider the dynamics of each of these three cases.
41. Non-Extremal Case
In the non-extremal case, the black hole has two horizons, an inner and outer horizon [18]. For arbitrary dimension
n, the horizons are located at
R− = ℓ exp
[
− 1
n− 1W
(
− (n− 1)ℓ
n−3
2(n−1)/2Qn−1
e
−
(n−1)M
2(n−1)/2Qn−1
)
− M
2(n−1)/2Qn−1
]
,
R+ = ℓ exp
[
− 1
n− 1W−1
(
− (n− 1)ℓ
n−3
2(n−1)/2Qn−1
e
−
(n−1)M
2(n−1)/2Qn−1
)
− M
2(n−1)/2Qn−1
]
,
where W is the LambertW function1, which satisfies W (x)eW (x) = x, which are solutions to
F (R+) =
R2+
ℓ2
− 1
Rn−3+
(
M + 2(n−1)/2Qn−1 ln
R+
ℓ
)
= 0
and R+ is the largest real root. For real values of the argument, W has only two real branches which are single
valued: W0(x) being the principle branch is single-valued for W ≥ −1 and W−1(x) being the lower branch which is
single-valued for W ≤ −1.
To solve the equation of motion, we first note that the metric coefficient may be written as
F =
√
2QRn −√2ℓ2MQR+ 2n/2ℓ2Qn ln(R/ℓ)√
2ℓ2QRn−2
≡ (R −R+)(R−R−)C√
2ℓ2QRn−2
, (14)
where C are all other roots. Hence, as the domain wall approaches the outer horizon, the metric coefficient goes to
F → (R −R+) (R+ −R−)C+√
2ℓ2QRn−2+
≡ (R−R+)A,
where A is just a constant and C+ denotes that all other roots are evaluated at R = R+. Thus, as the domain wall
approaches the outer horizon, the position of the domain wall is given by
R ≈ R+ + (R0 −R+)e±At+ = R+ + (R0 −R+)e
±
(R+−R−)C+t+
√
2ℓ2QR
n−2
+ (15)
where R0 is the initial position of the domain wall; that is, as far as the asymptotic observer is concerned, it takes an
infinite amount of observer time for the domain wall to complete the collapse.
2. Extremal Case
In the extremal case, the inner and outer radii are the same, hence there is only one real root [18]: R− = R+. In
this case, the metric coefficient (4) takes the form
F =
(R−R+)2√
2ℓ2QRn−2
.
That is, in the vicinity of the horizon, the metric coefficient may be written as
F =
(R−R+)2√
2ℓ2QRn−2+
≡ (R−R+)2B+,
where B+ is just a constant. Substituting this into the equation of motion for the domain wall, we then find that the
position of the domain wall is now given by
R ≈ R+ + R0 −R+
1±B+(R0 −R+)t+ .
Again we see that the domain wall only reaches the horizon after an infinite amount of observer time.
1 The LambertW function is also known as the omega function or product logarithm.
53. Over-charged Case
In the case where domain wall is over-charged, hence the charge is more important than the mass, as a result, both
the inner and outer radii become imaginary. Thus, if the collapse were to proceed all the way to the outer, imaginary,
horizon, this would represent a violation of the cosmic censorship conjecture and result in a naked singularity. However,
we can see that this does not happen here: As we can see from (15), the exponent in the exponential will be complex
and hence we will have an oscillatory solution. This implies that the domain wall will collapse to a minimal radius due
to the gravitational attraction, however the electromagnetic repulsion will then overcome the gravitational attraction
and generate a bouncing solution. As the domain wall expands, the gravitational attraction will once again dominate
and cause the domain wall to once again collapse, to which the process will be repeated.
B. Quantum Equations of Motion
For the quantum solution, we will only be concerned with the non-extremal case.
From (12), we see that the quantum Hamiltonian, as far as the asymptotic observer is concerned, is the same as
the quantum Hamiltonian found in [2, 4, 6]. As a result, we can easily write the solution as a Gaussian wave-packet
solution which is squeezing2 during its approach to the horizon
Ψ =
1√
2πs
e−(u+t)
2/2s2 ,
where
u =
∫
dR
F
is the tortoise coordinate and s is the width of the wave packet. In the u-coordinate, one can easily see that the
horizon is moved to to infinity; that is u(R+) = −∞. That is, since the wave packet must travel and infinite distance
to reach the horizon, it also takes an infinite amount of time for the wave packet to reach the horizon. Therefore, this
result does not contradict the classical result of taking an infinite amount of observer time to collapse to form a black
hole.
IV. INFALLING OBSERVER
Let’s now turn our attention to the infalling observer, whose Hamiltonian is given in (6) and generalized momentum
is given in (8).
A. Classical Equations of Motion
Just like the asymptotic observer, we are interested in the classical equation of motion for the collapsing domain
wall in the vicinity of the horizon. Classically, one should expect that the horizon is not an obstacle for the infalling
observer since the horizon only represents a coordinate singularity and not a space-time singularity.
We may obtain the velocity as far as the infalling observer is concerned, of the domain wall from (6),
Rτ =
√√√√( h˜+ 2(n−1)/2Qn ln(R/ℓ)
Rn−2
+
4πσR
n− 2
)2
− f, (16)
where h˜ = (n − 2)H(τ)/8πσ. Due to the presence of the natural log, (16) is not easily solved in closed form. Thus,
we will seek an approximate solution to (16). As a zeroth order approximation, we can see that (16) is just a constant
2 Here, the Gaussian wave packet is squeezing as a result of the relationship between R and u, which is given by dR = fdu.
6in the near horizon region, R ∼ R+, so we may easily obtain the zeroth order solution, which is given by
R(τ) = R0 − τ
√√√√( h˜+ 2(n−1)/2Qn ln(R+/ℓ)
Rn−2+
+
4πσR+
n− 2
)2
− R
2
+
ℓ2
where again the minus sign is chosen due to the collapse of the shell and R0 is again the initial position of the
collapsing domain wall at τ = 0. As is expected, the infalling observer will see the horizon formed in a finite amount
of time, which, as stated previously, is expected.
B. Quantum Equations of Motion
As far as the infalling observer is concerned, the more interesting limit is the near singularity limit of the collapse,
hence the R→ 0 region. To obtain the quantum Hamiltonian of the system, we start with (8), which may be inverted
so that we may rewrite the Hamiltonian (6) in terms of the generalized momentum. As a result, (6) takes the form.
H(τ) =
16πσRn−2
n− 2
(√
f cosh
P (τ)
8πσR
− 4πσR
n− 2
)
− 2(n−1)/2Qn−1 ln R
ℓ
. (17)
Since the velocity is negative near the classical singularity the Hamiltonian, written in terms of the conjugate mo-
mentum, may be written as
H =
16πσRn−2
n− 2
√
f cosh
P (τ)
8πσR
− 2(n−1)/2Qn−1 ln R
ℓ
=
8πσRn−2
n− 2
√
fe−
P (τ)
8πσR − 2(n−1)/2Qn−1 ln R
ℓ
=
8πσRn−2
n− 2
√
fe
i
8πσR
∂
∂R − 2(n−1)/2Qn−1 ln R
ℓ
. (18)
Investigating the structure of (18), we can see that the first term is just a translation operator, which generates an
imaginary translation. One way to see this is to define the new variable z = R2, then we can rewrite (18) as
H =
8πσ
n− 2z
n/2−1
√
fe
i
4πσ
∂
∂z − 2(n−1)/2Qn−1 ln
√
z
ℓ
. (19)
Hence (19) translates wave function by a non-infinitesimal amount: i4piσ in z and
√
i
4piσ in R. That is, as the
collapsing shell approaches the classical singularity, the wave function is related to its value at some distance point:
Ψ(R→
√
i
8piσ , τ).
Moreover, we can see that (18) (and (19)) is non-local since it depends on an infinite number of derivatives, due
to the R−1 term in the exponential. The presence of this term means that (18) may not be truncated after a few
derivatives, unlike a local Hamiltonian.
As we are interested in the behavior of the wave function near the classical singularity, we must make further
simplifying approximations. Here, we will work in the limit of large energy density, σ →∞, so that we may truncate
the expansion of the exponential. As a consequence of this approximation, we lessen the non-local behavior of the
wave function, however we gain insight into the overall behavior of the wave function. In the limit σ → ∞, the
Schro¨dinger equation becomes
Rn−2
ℓ(n− 2)∂Rψ + i2
(n−1)/2Qn−1 ln
R
ℓ
ψ = ∂τψ, (20)
where we used (5). (20) has solution
ψ = ψ0e
A
(
t− ℓ(n−2)
(n−3)Rn−3
)
exp
[
i(n− 2)2(n−1)/2Qn−1(1 + (n− 3) ln(R/ℓ))
(n− 3)2
]
,
where A is an arbitrary constant. Thus, as the wave function approaches the classical singularity, the wave function
simplifies to
ψ = ψ0
(
R
ℓ
)i(n−2)2(n−1)/2Qn−1/(n−3)
e
A
(
t− ℓ(n−2)
(n−3)Rn−3
)
. (21)
7In this approximation, the phase factor corresponds to an infinite number of oscillations, while the exponential term
corresponds to a wave that is propagating to the classical singularity. (21) does imply, however, that the wave function
vanishes at the classical singularity, which implies that the singularity is a place of infinite density.
V. CONCLUSION
In this paper we studied the gravitational collapse of an n-dimensional, spherically symmetric, charged BTZ black
hole, which is represented by an infinitely thin domain wall. Specifically, we studied both the classical and quantum
collapse of the domain wall by first determining the conserved mass of the domain wall. Since the mass is a conserved
quantity, we were allowed to interpret the conserved mass as the Hamiltonian of the system. Since we have the
freedom to choose the viewpoint of any observer, we chose to consider the collapse from the viewpoint of the most
relevant observers, those being the asymptotic and infalling observers. Furthermore, instead of considering the whole
history of the collapse, we only considered the collapse in specific regions of interest, the near horizon (from both
viewpoints) and near classical singularity (only for the infalling observer’s viewpoint) regimes.
In Section III we studied the collapse from the viewpoint of an asymptotic observer, both classically and quantum
mechanically. Classically, we found that, irrespective of the number of dimensions, the horizon is only formed after an
infinite amount of observer time, as is expected from the infinite gravitational redshift associated with the formation
of the horizon. In the quantum mechanical picture, we found that3, just like in the classical case, the horizon is only
formed after an infinite amount of observer time. Not unexpectedly, this result implies that simply quantizing the
matter shell (domain wall) does not lead to quantum fluctuations of the horizon that would allow the horizon to be
formed in a finite amount of observer time.
In Section IV we studied the collapse from the viewpoint of an infalling observer, which is an observer who is riding
on the surface of the domain wall and is parameterized by the proper time of the domain wall. Classically, we found
that in the zeroth order approximation, the horizon is formed in a finite amount of proper time. As in the asymptotic
observer case, this result is independent of the dimensionality. We also investigated the collapse of the domain wall in
the vicinity of the classical singularity, R → 0. Here, we found that the Hamiltonian takes on a form that resembles
that of a translation operator, (18), and thus the Hamiltonian translates the wave function by a non-infinitesimal
amount. That is, the wave function at a given point depends on the value of the wave function at a distant point.
This behavior is a sign of non-locality. More importantly, the distant point depends inversely on the energy density
of the domain wall, hence the larger the energy density, the closer the point is. As the energy density approaches
infinity, points are only separated by an infinitesimal amount and locality is restored. An alternative way to see the
non-local behavior of (18) is to again note the structure of the translation operator. As the differential operator enters
into the Hamiltonian via an exponential, there is a R−1 dependence, which means that in a Taylor expansion of the
exponential near the classical singularity, the higher order terms of the expansion become more important, meaning
that would would have to keep all infinite number of terms to fully define the Taylor expansion. Furthermore, we
found that the wave function vanishes near the classical singularity, which can be attributed to either an infinite
density or an infinite electromagnetic repulsion once the domain wall has collapsed to zero radius.
Appendix A: Check that Mass per unit Length is a constant of Motion
Here we wish to check that (6) is a constant of motion. First, note that we can rewrite (6) as
M =
16πσRn−2
n− 2
(
α− 4πσR
n− 2
)
− 2(n−1)/2Qn−1 ln R
ℓ
,
or using (1) this becomes
M = Rn−3
(
α2 − β2)− 2(n−1)/2Qn−1 ln R
ℓ
. (A1)
Taking the proper time derivative of (A1) we obtain
Mτ = (n− 3)Rn−4Rτ
(
α2 − β2)+ 2Rn−3 (αατ − ββτ )− 2(n−1)/2Qn−1 2Rτ
ℓR
.
3 Note that these calculations were preformed the absence of Hawking radiation and back reaction on the metric. Including either or both
of these aspects may alter the conclusions found here.
8Using (2) we have
Mτ = Rτ
[
(n− 3)Rn−4 (f − F ) +Rn−3 (f ′ − F ′)− 2(n−1)/2Qn−1 2
ℓR
]
,
where the prime refers to derivative with respect to the position of the domain wall, and using (4) and (5) we finally
obtain
Mτ = 0,
which proves that the mass is a conserved quantity.
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